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a b s t r a c t
Assume we have a set of k colors and we assign an arbitrary subset of these colors to each
vertex of a graphG. Ifwe require that each vertex towhich an empty set is assignedhas in its
neighborhood all k colors, then this assignment is called the k-rainbowdominating function
of a graph G. The corresponding invariant γrk(G), which is the minimum sum of numbers
of assigned colors over all vertices of G, is called the k-rainbow domination number of G.
Brešar and S˘umenjak [B. Brešar, T.K. S˘umenjak On the 2-rainbow domination in graphs,
Discrete AppliedMathematics, 155 (2007) 2394–2400] showed that d 4n5 e ≤ γr2(P(n, 2)) ≤
d 4n5 e + α, where α = 0 for n ≡ 3, 9 mod 10 and α = 1 for n ≡ 1, 5, 7 mod 10. And they
raised the question: Is γr2(P(2k + 1, k)) = 2k + 1 for all k ≥ 2? In this paper, we put
forward the answer to the question. More over, we show that γr2(P(n, 2)) = d 4n5 e + α,
where α = 0 for n ≡ 0, 3, 4, 9 mod 10 and α = 1 for n ≡ 1, 2, 5, 6, 7, 8 mod 10.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We only consider finite undirected graphs without loops or multiple edges.
Let G = (V (G), E(G)) be a graph with vertex set V (G) and edge set E(G). The open neighborhood of v ∈ V (G) is denoted
by N(v) = {u ∈ V (G)|uv ∈ E(G)}, and its closed neighborhood is denoted by N[v] = N(v) ∪ {v}.
Let f be a function that assigns to each vertex a set of colors chosen from the set {1, . . . , k}; that is, f : V (G) →
P ({1, . . . , k}). If⋃u∈N(v) f (u) = {1, . . . , k} for each vertex v ∈ V (G)with f (v) = ∅, then f is called a k-rainbow domination
function (kRDF) of G. The weight, w(f ), of a function f is defined as w(f ) =∑v∈V (G) |f (v)|. The minimum weight of a kRDF
is called the k-rainbow domination number of G, which is denoted by γrk(G). Clearly when k = 1 this concept coincides with
the ordinary domination.
For 1 ≤ k ≤ n− 1, the generalized Petersen graph P(n, k), defined by Watkins [9], is a graph on 2n (n ≥ 3) vertices with
V (P(n, k)) = {vi, ui : 0 ≤ i ≤ n− 1} and E(P(n, k)) = {vivi+1, viui, uiui+k : 0 ≤ i ≤ n− 1, subscripts modulo n}.
Brešar, Henning andRall [2,3] introduced the concept of 2-rainbowdomination of a graphG and connected this concept to
usual domination in (products of) graphs. Brešar and S˘umenjak [4] found the exact values of 2-rainbow domination number
of paths, cycles and suns. They showed that d 4n5 e ≤ γr2(P(n, 2)) ≤ d 4n5 e + α, where α = 0 for n ≡ 3, 9 mod 10 and
α = 1 for n ≡ 1, 5, 7 mod 10, and d 4n5 e ≤ γr2(P(n, k)) ≤ n for relatively prime numbers n and k. They raised the following
question.
Question 1. Is γr2(P(2k+ 1, k)) = 2k+ 1 for all k ≥ 2 ?
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Domination and its variations of the generalized Petersen graphs have been studied extensively in recent years [1,5–8,
10]. In this paper, we put forward the answer to Question 1. More over, we show that γr2(P(n, 2)) = d 4n5 e+α, where α = 0
for n ≡ 0, 3, 4, 9 mod 10 and α = 1 for n ≡ 1, 2, 5, 6, 7, 8 mod 10.
2. 2-rainbow domination number of P(n, 2)
Lemma 2.1.
γr2(P(n, 2)) ≤

⌈
4n
5
⌉
, n mod 10 = 0, 3, 4, 9,⌈
4n
5
⌉
+ 1, n mod 10 = 1, 2, 5, 6, 7, 8.
Proof. In [4], Boštjan and S˘umenjak presented 2RDFs f of P(n, 2) for odd n. We can extend f to all n as follows:
f
(
v0, v1, . . . , vn−1
u0, u1, . . . , un−1
)
=

(
1001020020 · · · 1001020020
0220001100 · · · 0220001100
)
, n mod 10 = 0,(
1001020020 · · · 1001020020 10010200221
0220001100 · · · 0220001100 02200011000
)
, n mod 10 = 1,(
1001020020 · · · 1001020020 10
0220001100 · · · 0220001100 12
)
, n mod 10 = 2,(
1001020020 · · · 1001020020 100
0220001100 · · · 0220001100 022
)
, n mod 10 = 3,(
1001020020 · · · 1001020020 1001
0220001100 · · · 0220001100 0220
)
, n mod 10 = 4,(
1001020020 · · · 1001020020 10011
0220001100 · · · 0220001100 02200
)
, n mod 10 = 5,(
1001020020 · · · 1001020020 100111
0220001100 · · · 0220001100 022000
)
, n mod 10 = 6,(
1001020020 · · · 1001020020 1001020
0220001100 · · · 0220001100 0220011
)
, n mod 10 = 7,(
1001020020 · · · 1001020020 10010201
0220001100 · · · 0220001100 02200011
)
, n mod 10 = 8,(
1001020020 · · · 1001020020 100102002
0220001100 · · · 0220001100 022000110
)
, n mod 10 = 9,
where 0, 1, 2 stand for ∅, {1}, {2} respectively.
Since f is 2RDFs of P(n, 2)with
w(f ) =

⌈
4n
5
⌉
, n mod 10 = 0, 3, 4, 9,⌈
4n
5
⌉
+ 1, n mod 10 = 1, 2, 5, 6, 7, 8,
we have
γr2(P(n, 2)) ≤

⌈
4n
5
⌉
, n mod 10 = 0, 3, 4, 9,⌈
4n
5
⌉
+ 1, n mod 10 = 1, 2, 5, 6, 7, 8. 
Let
V0 = {v ∈ V (P(n, 2)) : f (v) = ∅},
V1 = {v ∈ V (P(n, 2)) : f (v) ∈ {{1}, {2}}},
V2 = {v ∈ V (P(n, 2)) : f (v) = {1, 2}},
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Fig. 2.1. The case for |V2| ≥ 1.
Vi1 i2 = {v ∈ V0 : |N(v) ∩ Vt | = it , t = 1, 2},
E1 = {uv ∈ E(P(n, 2)) : u, v ∈ V1},
E2 = {uv ∈ E(P(n, 2)) : u, v ∈ V2},
E12 = {uv ∈ E(P(n, 2)) : u ∈ V1, v ∈ V2}.
Then
V0 =
⋃
S∈{V20,V30,V01,V11,V21,V02,V12,V03}
S,
S1
⋂
S2 = ∅, S1 6= S2 and S1, S2 ∈ {V20, V30, V01, V11, V21, V02, V12, V03},
V (P(n, 2)) =
⋃
S∈{V0,V1,V2}
S,
S1
⋂
S2 = ∅, S1 6= S2 and S1, S2 ∈ {V0, V1, V2},
and
3|V1| − 2|E1| − |E12| = 2|V20| + 3|V30| + |V11| + 2|V21| + |V12|, (1)
3|V2| − 2|E2| − |E12| = |V01| + |V11| + |V21| + 2|V02| + 2|V12| + 3|V03|. (2)
By (1)+ 2× (2), we have
3|V1| + 6|V2| − 2|E1| − 4|E2| − 3|E12| = 2|V20| + 3|V30| + 2|V01| + 3|V11| + 4|V21| + 4|V02| + 5|V12| + 6|V03|.
It follows that
3|V1| + 6|V2| = 2|V20| + 3|V30| + 2|V01| + 3|V11| + 4|V21| + 4|V02| + 5|V12| + 6|V03| + 2|E1| + 4|E2| + 3|E12|,
3|V1| + 6|V2| = 2(|V20| + |V30| + |V01| + |V11| + |V21| + |V02| + |V12| + |V03|)
+ |V30| + |V11| + 2|V21| + 2|V02| + 3|V12| + 4|V03| + 2|E1| + 4|E2| + 3|E12|,
3|V1| + 6|V2| = 2(2n− |V1| − |V2|)+ |V30| + |V11| + 2|V21| + 2|V02| + 3|V12| + 4|V03| + 2|E1| + 4|E2| + 3|E12|,
5|V1| + 10|V2| = 4n+ 2|V2| + |V30| + |V11| + 2|V21| + 2|V02| + 3|V12| + 4|V03| + 2|E1| + 4|E2| + 3|E12|,
5w(f ) = 4n+ 2|V2| + |V30| + |V11| + 2|V21| + 2|V02| + 3|V12| + 4|V03| + 2|E1| + 4|E2| + 3|E12|.
Let
β = 2|V2| + |V30| + |V11| + 2|V21| + 2|V02| + 3|V12| + 4|V03| + 2|E1| + 4|E2| + 3|E12|.
Then we have Lemma 2.2.
Lemma 2.2. 5w(f ) = 4n+ β . 
Lemma 2.3. If |V2| ≥ 1, then β ≥ 4.
Proof. Suppose to the contrary that β ≤ 3. Then |V21| = |V02| = |V12| = |V03| = |E1| = |E2| = |E12| = 0, |V2| = 1 and
|V30| + |V11| ≤ 1. By symmetry, we may assume that one vertex of v0 and u0 belongs to V2.
Case 1. v0 ∈ V2. Then vn−1, u0, v1 ∈ V0 (otherwise |V2| > 1 or |E12| > 0) and |{vn−2, un−2, u2, v2} ∩ V0| ≥ 3 (otherwise
|V2| > 1 or |V11| > 1), say u2, v2 ∈ V0. It follows that v3 ∈ V2, β ≥ 4 (see Fig. 2.1(1), where white dot, black dot and odot (a
small black dot inside a white dot) stand for the vertex of V0, V1, V2 respectively), a contradiction.
Case 2. u0 ∈ V2. Then un−2, v0, u2 ∈ V0 and |{vn−2, vn−1, v1, v2} ∩ V0| ≥ 3, say v1, v2 ∈ V0. It follows that v3 ∈ V2, β ≥ 4
(see Fig. 2.1(2)), a contradiction. 
Lemma 2.4. If |E1| ≥ 1, then β ≥ 4 for n mod 10 6= 3 and β ≥ 3 for n mod 10 = 3.
Proof. Suppose to the contrary that β ≤ 3 for n mod 10 6= 3 and β ≤ 2 for n mod 10 = 3. Then |V2| = |V21| = |V02| =
|V12| = |V03| = |E2| = |E12| = 0, |E1| = 1 and |V30| ≤ 1. By symmetry, we need only consider following three cases:
Case 1. v0, v1 ∈ V1. Then vn−1, u0, u1, v2 ∈ V0 (otherwise |V2| > 0 or |E1| > 1). Since |V2| = 0, we have u4, un−3 6∈ V2,
u2, un−1 6∈ V0. Hence u2, un−1 ∈ V1 (otherwise |V2| > 0). It follows that |{vn−2, un−2, u3, v3}∩V0| ≥ 3 (otherwise |V30| > 1),
say v3, u3 ∈ V0. It forces v4 ∈ V2, β ≥ 4 (see Fig. 2.2(1)), a contradiction.
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Fig. 2.2. The case for |E1| ≥ 1.
Fig. 2.3. The case for |V30| ≥ 1.
Case 2. u0, v0 ∈ V1. Then un−2, vn−1, v1, u2 ∈ V0. It follows that vn−2, v2 ∈ V1, and |{un−1, u1} ∩ V0| ≥ 1, say u1 ∈ V0. It
forces un−1, u3 ∈ V1, v3, v4, u4 ∈ V0, v5 ∈ V2, β ≥ 5 (see Fig. 2.2(2)), a contradiction.
Case 3. un−1, u1 ∈ V1. Then vn−1, v1, u3 ∈ V0. It follows that v0 ∈ V1, u0 ∈ V0 and |{un−2, u2} ∩ V1| ≥ 1, say u2 ∈ V1.
It forces |{un−2, vn−2} ∩ V1| = 1, β = 3 and n mod 10 6= 3. It follows that v2, u4 ∈ V0, v3 ∈ V1 and v4 ∈ V0. It forces
v5, u6 ∈ V1, u5, v6, u8 ∈ V0, u7 ∈ V1, v7, u9 ∈ V0, v8 ∈ V1 and v9 ∈ V0. Continuing in this way, we have v5i, u5i+1 ∈ V1,
u5i, v5i+1, u5i+3 ∈ V0, u5i+2 ∈ V1, v5i+2, u5i+4 ∈ V0, v5i+3 ∈ V1 and v5i+4 ∈ V0 for 2 ≤ i ≤ b n−15 c − 1. There are five subcases
depending on nmod 5.
Case 3.1. n mod 5 = 0. Then vn−5 ∈ V1, un−5 ∈ V0. It follows that un−3 ∈ V1, |E1| ≥ 2 (see Fig. 2.2(3)), a contradiction.
Case 3.2. n mod 5 = 1. Then vn−2, un−2 ∈ V0, |⋃u∈N(vn−2)(f (u))| = 1 (see Fig. 2.2(4)), a contradiction.
Case 3.3. n mod 5 = 2. Then un−2 ∈ V0, it follows that vn−2 ∈ V2 (see Fig. 2.2(5)), a contradiction.
Case 3.4. n mod 10 = 8. Then vn−3, un−2 ∈ V1 and un−3, vn−2 ∈ V0. By symmetry,wemay assume f (v0) = 1. Then f (u1) = 2,
f (v3) = 1 and f (u2) = 2. It follows that f (v5) = 2, f (u6) = 1, f (v8) = 2 and f (u7) = 1. Continuing in this way, we have
f (v10i) = 1, f (u10i+1) = 2, f (v10i+3) = 1, f (u10i+2) = 2, f (v10i+5) = 2, f (u10i+6) = 1, f (v10i+8) = 2 and f (u10i+7) = 1 for
1 ≤ i ≤ n−810 − 1. It follows that f (vn−8) = 1, f (un−7) = 2, f (vn−5) = 1, f (un−6) = 2, f (vn−3) = 2, f (un−2) = f (un−1) = 1.
Then 2 6∈⋃u∈N(vn−1)(f (u)) (see Fig. 2.2(6)), a contradiction.
Case 3.5. n mod 5 = 4. Then un−3 ∈ V1, |E1| ≥ 2 (see Fig. 2.2(7)), a contradiction. 
Lemma 2.5. If |V30| ≥ 1, then β ≥ 4 for n mod 10 6= 3 and β ≥ 3 for n mod 10 = 3.
Proof. Suppose to the contrary that β ≤ 3 for n mod 10 6= 3 and β ≤ 2 for n mod 10 = 3. By Lemmas 2.3 and 2.4, we have
|V2| = |E1| = 0. By symmetry, we may assume that one vertex of {v0, u0} belongs to V30.
Case 1. v0 ∈ V30. Then vn−1, u0, v1 ∈ V1. It follows that un−1, u1, u2, v2 ∈ V0. It forces v3, u3 ∈ V1, |E1| ≥ 1 (see Fig. 2.3(1)),
a contradiction.
Case 2. u0 ∈ V30. Then un−2, v0, u2 ∈ V1. It follows that vn−2, vn−1, v1, v2 ∈ V0. It forces un−1, u1 ∈ V1, |E1| ≥ 1 (see
Fig. 2.3(2)), a contradiction. 
Lemma 2.6. If n mod 10 6= 0, then |V2| + |E1| + |V30| ≥ 1.
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Fig. 2.4. The case for |V2| + |E1| + |V30| ≥ 1.
Proof. Suppose to the contrary that |V2| = |E1| = |V30| = 0. By symmetry, we may assume that v1 ∈ V0. If v0, v2 ∈ V1,
then u1, v3 ∈ V0 and u3 ∈ V1 (see Fig. 2.4(1)). Hence, we need only consider the case for v0, u1 ∈ V1. Then v2, u3 ∈ V0. It
follows that u2, v3 ∈ V1 and u3, u4, v4 ∈ V0. It forces v5, u6 ∈ V1, u5, v6, u8 ∈ V0, u7 ∈ V1, v7, u9 ∈ V0, v8 ∈ V1 and v9 ∈ V0.
Continuing in this way, we have v5i, u5i+1 ∈ V1, u5i, v5i+1, u5i+3 ∈ V0, u5i+2 ∈ V1, v5i+2, u5i+4 ∈ V0, v5i+3 ∈ V1 and v5i+4 ∈ V0
for 2 ≤ i ≤ b n5c − 1. There are five subcases depending on n mod 5.
Case 1. n mod 10 = 5. By symmetry, we may assume f (v0) = 1. Then f (u1) = 2, f (v3) = 1 and f (u2) = 2. It follows that
f (v5) = 2, f (u6) = 1, f (v8) = 2 and f (u7) = 1. Continuing in this way, we have f (v10i) = 1, f (u10i+1) = 2, f (v10i+3) = 1
and f (u10i+2) = 2. f (v10i+5) = 2, f (u10i+6) = 1, f (v10i+8) = 2 and f (u10i+7) = 1 for 1 ≤ i ≤ n−510 − 1. It follows that
f (vn−5) = 1, f (un−4) = 2, f (vn−2) = 1 and f (un−3) = 2. Then 2 6∈⋃u∈N(vn−1)(f (u)) (see Fig. 2.4(2)), a contradiction.
Case 2. n mod 5 = 1. Then vn−1 ∈ V1, |E1| ≥ 1 (see Fig. 2.4(3)), a contradiction.
Case 3. n mod 5 = 2. Then un−1 ∈ V1, |E1| ≥ 1 (see Fig. 2.4(4)), a contradiction.
Case 4. n mod 5 = 3. Then un−2 ∈ V1, |V30| ≥ 1 (see Fig. 2.4(5)), a contradiction.
Case 5. n mod 5 = 4. Then vn−4 ∈ V1, un−4 ∈ V0 and un−2 ∈ V1, |V30| ≥ 1 (see Fig. 2.4(6)), a contradiction. 
Theorem 2.7.
γr2(P(n, 2)) =

⌈
4n
5
⌉
, n mod 10 = 0, 3, 4, 9,⌈
4n
5
⌉
+ 1, n mod 10 = 1, 2, 5, 6, 7, 8.
Proof. By Lemma 2.1,
γr2(P(n, 2)) ≤

⌈
4n
5
⌉
, n mod 10 = 0, 3, 4, 9,⌈
4n
5
⌉
+ 1, n mod 10 = 1, 2, 5, 6, 7, 8.
By Lemma 2.2, γr2(P(n, 2)) ≥ d 4n+β5 e ≥ d 4n5 e. Furthermore, for n mod 10 = 1, 2, 5, 6, 7, 8, by Lemmas 2.3–2.6,
γr2(P(n, 2)) ≥ d 4n+β5 e ≥ d 4n+45 e = d 4n5 e + 1. 
Since P(n,m) ∼= P(n, k) for km ≡ ±1 mod n according to Ref. [9], P(2k + 1, k) ∼= P(2k + 1, 2). Hence, we have
Corollary 2.8.
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Fig. 2.5. 2RDFs of P(n, 2) for 12 ≤ n ≤ 21.
Corollary 2.8.
γr2(P(2k+ 1, k)) =

⌈
8k+ 4
5
⌉
, k mod 5 = 1, 4,⌈
8k+ 4
5
⌉
+ 1, k mod 5 = 0, 2, 3.
Corollary 2.9. For k ≥ 4, γr2(P(2k+ 1, k)) < 2k+ 1.
Fig. 2.5 shows 2RDFs of P(n, 2) for 12 ≤ n ≤ 21.
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